In this paper, we study consequences of the assumption that the gauge group SU (2) of the standard model is a non-associative image of Spin(3). It turns out that such an approach allows to take a different look at the Higgs mechanism and give an explanation of the mechanism of eating the Goldstone bosons. In addition, it allows us to build the gauge-Higgs unification group with the unification scale equal to electroweak and obtain the value of the Weinberg angle in very good agreement with the experiment. *
Introduction
There are a huge number of the grand unification theories that predict the values of various arbitrary parameters of the standard model (see, e.g., the review [1] ). A characteristic feature of all these theories is the presence of new, not yet discovered gauge bosons associated with generators of the unification gauge groups. It can be assumed that these particles are not discovered due to the insufficient energy of accelerators, but this assumption encounters certain difficulties. In the standard model, the scale of electroweak symmetry breaking acquires quadratically diverging radiation corrections, the ultraviolet cutoff of which is of the order of the scale of the grand unification theory. In view of the enormous difference between these two scales, it becomes necessary to fine tuning of parameters of the theory, which looks unnatural. This is usually referred to as the gauge-hierarchy problem [2] .
The issue is whether one can find a model that avoids this unnatural feature. The best-known realization of this approach is based on supersymmetry that cancel quadratic divergences in expressions for the running parameters of the standard model [3, 4, 5, 6] . More radical are models in which the ultraviolet cutoff is of the order of the electroweak theory scale. This is usually achieved by adding a large number of new fields and to give up the perturbation [7] . However, in both cases, the problem associated with the existence of new particles remains unresolved.
This problem can be drastically solved by constructing a model in which the unification scale is of the order of electroweak, and new particles are absent. This idea was realized in the SU(3) × SU(3) and G 2 -models of gauge-Higgs unification [8, 9] . However, the Weinberg angle predicted in these models is very far from the experimental one. At the same time, a certain modification of the idea of gauge-Higgs unification allows us to solve the problem of gauge hierarchies and obtain predictions that consistent with experiment.
Preliminaries
We recall that the algebra of octonions O is a real linear algebra with the canonical basis 1, e 1 , . . . , e 7 such that
where the structure constants c ijk are completely antisymmetric and nonzero as c 123 = c 145 = c 176 = c 246 = c 257 = c 347 = c 365 = 1. However, in our case it is more convenient to use an alternative definition of the octonion algebra. Let H be the quaternion algebra with the standard basis 1, e 1 , e 2 , e 3 such that e i e j = −δ ij + ǫ ijk e k . Then the vector space H ⊕ He is called the octonion algebra if we define on it the multiplication
whereb i is the conjugate to b i quaternion. In order to reconcile the definitions (1) and (2) , it is enough to put e n+4 = e n e. Following [10, 11] , we define the notion of representation in the octonion algebra. Let 
A representation satisfying the system of equalities (3) is called associative.
In particular, if all the operators R a in ((3) act trivially, then we have the usual (left) representation of associative algebra. An alternative representation example can be constructed if we consider the subspace He in O and define the action of H on He as a restriction of the regular representation of the algebra O. In this case, it follows from the law of multiplication (2) that the action of H on He is determined by the equalities
Since this representation does not satisfy the system of identities (3), it is called non-associative. Now let G be the set of all elements of norm 1 in the quaternion algebra. Since it coincides with the Clifford algebra Cl 0,2 (R), we may assume that G = Spin(3). Then the equalities (3) and (4) induce the associative G → Aut H and the non-associative G → Aut He representations of G respectively. In turn, the representations of the group G induce representations of its tangent Lie algebra A G . It is easy to obtain these representations if we consider A G as a subalgebra of the commutator algebra of H. Let the representation of G be associative. Suppose T a = L a − R a and consider the map T : A G → End H. Then it follows from (3) that
This homomorphism defines an ordinary Lie representation of A G . Now let the representation of G be nonassociative. Suppose again T a = L a − R a and consider the map T : A G → End He. Then it follows from (4) that R a = −L a and therefore
Since this representation does not satisfy the system of identities (5) , it is called the non-Lie (Mal'tsev) representation.
Higgs mechanism
To construct a gauge-invariant Lagrangian, it is usually required that the covariant derivative D µ φ have the same transformation properties as the field φ. This condition determines the well-known law of transformation of gauge fields
whose form does not depend on the field φ in the representation space of the gauge group. However, this is true only when considering associative representations for which (A µ u)φ = A µ (uφ). Otherwise, the transformation law of the gauge fields takes a different form. Let G be the set of all elements of norm 1 in the quaternion algebra H. We consider the action of G on He defined by the equalities (4) and we will find the matrices L e k representing the generators e k of G. To do this, we put φ 1 = a 0 + a 3 e 3 and φ 2 = a 2 − a 1 e 3 and consider the action of e k on (φ 1 + φ 2 e 2 )e on the left. Using (2) it is easy to show that φ 1 and φ 2 are transformed exactly like the complex doublet
where e 3 plays the role of the imaginary unit. Thus, we constructed the antiisomorphism L : G → SU(2) L under which the action of G on He induces the action of SU(2) L on φ. We will identify the field φ = φ(x) with the Higgs doublet. Now we introduce the polar coordinates for scalar fields and represent this doublet in the form
where u = exp(iθ k (x)σ k /v), and the real fields θ k (x) and λ(x) have zero vacuum expectation value. Passing to the unitary gauge, we obtain the laws of transformation of scalar and vector fields
Rewrite the last formula in the infinitesimal form
Using the identity (4) and passing from the matrix representation to the fields themselves, we finally obtain
The expression in braces is the usual gauge transformation of a vector field. The last term arises as a result of the nonassociative nature of the representation in question. We identify it with the physical state of the vector boson with longitudinal polarization. We will note the features that distinguish this construction from the Higgs mechanism. In the standard approach, the Goldstone boson fields are absent in the unitary gauge. Since the theory is gauge-invariant, this means that there are no physical Goldstone bosons, whatever gauge we choose. On the other hand, at high energy, the amplitude for emission or absorption of a longitudinally polarized massive gauge boson becomes equal to the amplitude for emission or absorption of the Goldstone boson [12, 13] . This is manifested, for example, in the case of weak decay of the top quark and in the reaction e + e − → W + W − . Therefore the Goldstone boson cannot be completely excluded from the theory. To somehow get around this contradiction, one usually say that the gauge boson receives an extra degree of freedom as a result of eating the Goldstone boson. However, the mechanism of eating the Goldstone boson is not explained in any way. On the contrary, in the considered construction, the Goldstone boson is present as the physical state of the vector boson already in the unitary gauge, and therefore it exists in any other gauge. Thus, the contradiction noted above is removed.
Coupling constants
Let again G be the group of elements of norm 1 in the quaternion algebra and A G be its Lie algebra. Further, suppose A µ = g 2 A k µ e k is a vector field that takes values in A G andÃ µ = (−1) k ig 2 A k µ σ k is its anti-isomorphic image in su(2) L . In the algebra A G , the Euclidean scalar product 1 2 (ē i e j +ē j e i ) = δ ij is defined. With the mapping e k → (−1) k iσ k , it goes into the Killing form Tr(σ i σ j ) = 2δ ij . Comparing these two scalar products, we see that the normalization of the generators of G and SU(2) L is different.
Consider the vector field B µ = g 1 A 0 µ e 0 with e 0 = −i which takes values in the Lie algebra u(1). In order to relate the constants g 1 and g 2 we will look for an embedding of the Lie algebra su(2) L ⊕ u(1) in a simple compact Lie algebra. To this end, on the (real) vector space V = O ⊗ C we define the multiplication
where (a 1 + a 2 e) * = a 1 − a 2 e. This multiplication satisfies the following two conditions. Firstly, the generators of G commute with e 0 and secondly U(1) acts on the doublet φ as in the standard model. The first statement is obvious. To check the second, we will find the action of e 0 on the element (φ 1 + φ 2 e 2 )e on the left. Using (13) , we obtain the 2 × 2 scalar matrix L e 0 = −iσ 0 , which acts on the doublet φ in the required way. Now we consider the algebra of multiplications M(V ), which is generated by all operators of left and right multiplication by the element a + e 0 b. From the law of multiplication (13) it is easy to find the general form of such operators
where the operator I acts on the elements of O according to the formula Ia = a * . Let us prove the following proposition. Indeed, using (2) it is easy to show that (ab) * = a * b * . Therefore, the map a → a * is an automorphism. But it is well known that any automorphism of the octonion algebra is internal. Therefore, the operator I is generated by the operators of left and right multiplication on O. On the other hand, L e R e (a + e 0 b) = a − e 0 b. Therefore, M(V ) contains the matrix diag(1, . . . , 1, −1, . . . , −1) . This and the formulas (14) imply that the algebra M(V ) contains elements
Obviously, these matrices are mutually independent and anti-commutative. It follows that the algebra M(V ) is a homomorphic image of the Clifford algebra Cl 0,8 (R). Since the latter is isomorphic to the simple algebra M 16 (R), this homomorphism is an isomorphism.
It follows from the proposition that su(2) L ⊕u(1) may naturally be embedded in the simple compact Lie algebra so (9) . The latter has a 16-dimensional real spinor representation, but does not have complex representations. Nevertheless, SO(9)-unification is possible with a certain modification of the idea of the gauge-Higgs unification. Indeed, so(9) is the multiplication algebra of the half-direct sum M = u(1) ∔ M of the Lie algebra u(1) and the non-Lie Malcev algebra M = {a ∈ O | a +ā = 0}, whereē k = −e k . This means that any generator of SO(9) is some (generally non-linear) combination of the operators L en − R en , where e n is a basis element of M. On the other hand, the Maltsev algebra M is the direct sum A G ⊕ He of the Lie subalgebra A G and the vector subspace He. Therefore, it contains only the numeric fields A k µ and φ k of the standard model. Hence, the algebra so(9) also cannot contain new number fields. Thus, the unification is possible with one universal gauge coupling and one family of quarks and leptons sitting in the 16 dimensional complex representation of Spin(3) × U(1). Now let g and g ′ be the electroweak gauge coupling constants. Since for the simple compact non-Abelian group normalization of generators is fixed by the nonlinear commutation relations of its Lie algebra, we have g = g 2 = g 1 in a unification scale M 0 . On the other hand, the Lie algebra u(1) does not impose any nonlinear restrictions on the generators of its group. Therefore, the relation between the coupling constants g ′ and g 1 in the unification scale M 0 should have the following form
Since we are considering fields taking values in M , and not in its Lie multiplication algebra, the normalization used here is non-canonical (as opposed to the grand unification model normalization).
Unification scale
The conditions (16) are valid for the energy scale µ ≥ M 0 . Now we study the regime µ < M 0 . The evolution of the electroweak gauge coupling constant controlled by the one-loop renormalization group equation
where
N f is the number of quark flavors, and α 2 n = g 2 n /4π. We have ignored the contribution coming from higher-order effects since they does not affect the final result. Expressing the low-energy couplings in terms of more familiar parameters, we can represent the solutions of Eq. (17) as
Combining these equations and supposing µ = M W , we obtain
Using the tree-level mass relation 
Conclusion
Despite the fact that the idea of gauge-Higgs unification was constantly present in the present work, we cannot said that its result was the construction of a new model. In fact, we were dealing with a standard model and studied only consequences that a small modification of the latter leads to. One of these changes is associated with the replacement of the gauge group SU(2) by Spin (3). Since these groups are isomorphic, such replacement keeps the values of the numerical fields and coupling constants unchanged, however it leads to a change in the normalization of generators of these groups. The latter, in turn, shifts the scale of the grand unification to the scale of electroweak symmetry breaking. The second change of the standard model is more significant. We considered the group SU(2) as a non-associative image of Spin(3). This made it possible to build the unification group without free parameters with which new gauge bosons could be associated. The scale of the unification unexpectedly turned out to be equal to the electroweak. This made it possible to obtain the Weinberg angle in very good agreement with experiment.
Another result of the investigation may be considered an explanation of the mechanism of eating the Goldstone bosons. It turned out that in the considered construction the Goldstone bosons are present as physical states of vector bosons already in the unitary gauge. This means that the mechanism of endowing the gauge boson with mass is closely related with nonassociativity. Here one can see some analogy with the Yang-Mills theory, in which the existence of charged gauge fields is associated with their non-Abelian nature.
